Cohomology and connections on fiber bundles and applications to field theories
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I. MOTIVATION
In theoretical physics the following general problem quite often occurs: suppose a field theory is defined for some manifold F, i.e., we have matter fields described by differentiable maps f :M →F from space-time M to the manifold F. ͑Examples are wide-spread, let us only mention case of Dirac spinors, where FϭC 4 , or the Skyrme model and related theories, where FϭSU n , cf. Skyrme, 1 Witten, 2 and Zahed and Brown. 3 ͒ For computations one has integrals like the action integral, where the Lagrangian is combined with the volume form of space-time, but also integrals over closed differential forms on F ͑i.e., dϭ0), which are integrated over space-time by means of the pullbacks f Ã . Next suppose, we also have a symmetry group G and we gauge our field theory with respect to this Lie group. From the mathematicians point of view, one has to construct a fiber bundle B with base manifold M , ͑global͒ projection :B→M , ͑standard͒ fiber F and structure group G, that acts on F via an effective left action L:GϫF→F, cf. Steenrod 4 or Kobayashi and Numizu. 5 For a cover Uϭ͕U ␣ ͖ ␣A of the base manifold M , we have a bundle atlas ͕(U ␣ , ␣ )͖ ␣A with local trivializations ␣ : Ϫ1 (U ␣ )→U ␣ ϫF, local projections ␣ ϭpr F ‫ؠ‬ ␣ onto F and local injections i ␣,x ϭ( ␣,x ) Ϫ1 of F onto the fiber over x M , where ␣,x :ϭ ␣ ͉ Ϫ1 (x) : Ϫ1 (x)→F. For every f F and g G define L f :G→F and L g :F→F by L f (g)ϭL g ( f )ϭL(g, f ). Then on every overlap region U ␣␤ ϭU ␣ പU ␤ the change of bundle charts is given by transition functions g ␣␤ :U ␣␤ ϭU ␣ പU ␤ →G, such that ␣,x ‫ؠ‬ ( ␤,x ) Ϫ1 ϭ ␣,x ‫ؠ‬ i ␤,x ϭL g ␣␤ (x) for all x U ␣␤ .
The bundle B(M ,F,G) is associated to a principal bundle P(M ,G), where the structure group acts on itself by left multiplication. We will use the same symbols , ␣ , ␣ , etc., for the bundles P and B. On the principle bundle we also have a free right action R: PϫG→ P and a connection ⌫ defined by a connection 1-form ⌫ and its exterior covariant derivative, the curvature 2-form ⍀ ⌫ . Let e denote the neutral element of G and ␣,e :U ␣ → Ϫ1 (U ␣ )ϭ P͉ U ␣ denote the local sections given by ␣,e (x):ϭ ␣ Ϫ1 (x,e). ͑Recall that a section obeys ‫ؠ‬ ϭid M .) Then the gauge potentials A ␣ and the gauge fields F ␣ of the field theory are the local forms on the sets U ␣ defined by A ␣ ϭ ␣,e Ã ⌫ , resp., F ␣ ϭ ␣,e Ã ⍀ ⌫ . Now the problem is as follows: since the matter fields now appear as global sections f :M →B, it is necessary to ''generalize'' the given closed differential forms A(F) to the bundle case ͑such that the pullbacks f Ã are well-defined͒: one needs a closed form A(B)
This formula is based on the fact that we have two global projections pr M and pr F . Using their pullbacks we may extend any form on M and F to the bundle. Since d commutes with pullbacks, this also holds for the cohomology classes. For a nontrivial bundle we only have one global projection , which indeed allows us to lift any form on M and any cohomology class in H*(M ) onto the bundle. ͑Nevertheless, the induced homomorphism ͓*͔:H*(M )→H*(B) needs not be injective nor surjective.͒ Yet there is no such mean for forms on F and thus the situation becomes much more complicated as in the trivial case and leads to the theory of spectral sequences, cf. Bott and Tu. 6 Spectral sequences compute H*(B) from H*(M ) and H*(F). They also answer the question which closed forms on the fiber can be extended to closed forms on the bundle and thus generate a unique cohomology class in H*(B) in the manner above. We call these forms 0-transgressive. Not all closed forms on F are 0-transgressive. In general it will depend on the structure of the bundle whether a given form is 0-transgressive: obviously for trivial bundles all closed forms on F are 0-transgressive.
If a form A(F) is 0-transgressive, spectral sequences also provide a formula for ͑Ref. 6, Prop. 9.5͒. Nevertheless this ''Collating formula'' involves a partition of unity subordinate to the given cover U of M . For any such partition the formula gives a different form within the generated cohomology class. ͑Note that, a priori, is not unique but defined only up to an exact form on B, whose restriction to the fibers is zero.͒ From the physicists point of view, this situation is quite unsatisfactory since a partition of unity does not bear any physical meaning and there is no reason why one partition -and the corresponding form -should be better than another. In fact one would like to obtain a representative for the generated cohomology class that can be associated with the physics in question, that is the gauge potentials and the gauge fields of the field theory.
This takes us back to connections on fiber bundles. Recall that a connection on a fiber bundle defines global horizontal and vertical projections of vector fields such that the C ϱ (B)-module D 1 (B) of the vector fields on B splits:
. Once a connection on a principal bundle is defined via ⌫ , resp., the gauge potentials A ␣ , it also defines connections on all associated fiber bundles, cf. Section III.
In addition, ⌫ defines lifts of vector fields on the base onto horizontal fields on the bundle and projections of forms on the bundle. These lifts and projections now can be used to extend forms on the fiber to the bundle. In fact, for every differential form A(F) that is invariant under the given left action L ͑i.e., L g Ã ϭ for all g G), there exists exactly one vertical form on the bundle, say v A(B), such that v͉ Ϫ1 (x) ϭ. From the physicists point of view, this seems to be a satisfactory generalization, but unfortunately we are not done with that, since the diagram in Figure 1 does not commute.
Thus although we start with a closed form , the generated vertical form v needs not be closed. In general, we are not able to find a vertical representative for this cohomology class generated by a 0-transgressive form, but we need to admit horizontal terms. Thus the question will be whether we can find such a representative where these horizontal terms are ''naturally'' given by the connection ⌫, in fact, by the gauge fields. In that case, we call the resulting form adapted to ⌫. Those forms are candidates for the desired generalizations of closed forms in field theories.
II. BASIC DEFINITIONS
Let M denote any manifold and V,W finite dimensional vector spaces. Every vector field X D 1 (M ) differentiably associates with every x M an element X x in the tangent space Everything in the sequel will also work for infinite dimensional vector spaces V, if we consider A(M ) V instead of A(M ,V). Yet for our purposes, we will restrict ourselves to finite dimensional V and identify A(M ) V and A(M ,V).
As mentioned above, we are heading for differential forms whose horizontal parts are given in terms of the gauge fields. Let 
With this convention we obtain the following lemma: 
where the last identity follows immediately from the definition of the exterior product ٙ . ᮀ Lemma II.2 proves that if p is even, then only the symmetric part of r s counts:
denote the right representation induced by the adjoint action: for K Hom( s g,V), g G and E i g, it is defined by
We denote the sets of these equivariant differential forms by
They are modules of the exterior algebra
For our purposes we also need further operators on differential forms that transform V-valued forms into Alt i (g,V)-valued forms. Recall that for any Lie group action L:GϫF→F,
Analogously for the right action R on a principal bundle, R:g→D 1 ( P) is a Lie algebra homomorphism, and the R X are the so-called fundamental vector fields on P. Now we may define: 
Definition II.4: Let L be a Lie group action of G on F and n
where
In the case iϭ1 we also define for n
denotes the interior product with respect to X D 1 (M ), which is given by
then we have the following relation with regard to our convention ͑2͒:
The following lemma is quite immediate by ͑4͒:
III. EXTENDING FORMS TO THE BUNDLE
If P is a principal bundle with free right Lie group action R, and L is a left effective Lie group action of G on a manifold F, then the associated fiber bundle with fiber F that comes along with L is the quotient manifold B(M ,F,G)ϭ Pϫ G F of the direct product PϫF under the free right action R:(PϫF)ϫG→PϫF, which is defined by
In fact, PϫF is a principal bundle over B with projection and fiber G. Every connection ⌫ on a principal bundle, given by a connection 1-form ⌫ , canonically induces a connection ⌫ on Obviously these projections commute with •, i.e.,
Recall that, by definition, ⌫ is a vertical form. The exterior covariant derivative of forms on P is defined by d 
If h ␣ and v ␣ denote the local projections of fields and forms induced by ⌫, then this generated form v locally is given by
Proposition III.1 is a special case of the following theorem: Natural candidates for A p ( P,g) equiv are ⌫ and ⍀ ⌫ . Nevertheless, since ⌫ is vertical, Theorem III.2 yields that the generated form on B is zero. For ⍀ ⌫ , the generated form is locally given by
For that reason, we will denote this generated form by ( n s v)•F or simply v•F. Finally we need to compute the exterior derivative of these generated differential forms. We thus cite the following theorem from Ref. 
Note that the second identity follows from the already mentioned fact that, in combination with F, only the symmetric part of (L ᭹ n s )v counts, cf. Lemma II.2. The last identity is a simple corollary to the first one, since for sϭ0, G-equivariance means invariance, Hom( 0 g
, we know that L ᭹ ϭ0.
IV. ⌫-ADAPTED AND G-TRANSGRESSIVE DIFFERENTIAL FORMS
Now we are prepared for the notion of ⌫-adapted differential forms on a bundle:
It is this splitting into a sum of i v•F that we have in mind when we say that a form can be presented in such a way that all horizontal terms are given by the gauge fields F ␣ . We will be concerned with the question whether we can find such a ⌫-adapted representative for a cohomology class in H*(B) that is generated by a 0-transgressive invariant form A(F). For the physical applications in mind, this concentration on invariant forms is no real restriction. Recall from the general theory of fiber bundles that, for every bundle over a paracompact manifold M with a connected structure group G, this Lie group G is reducible to its maximal compact connected subgroup K, i.e., G may be a priori chosen to be compact. For example, if we are dealing with electromagnetic interactions, we have GϭU 1 ; if we are dealing with electroweak interactions within the Glashow, Salam and Weinberg theory, then GϭSU 2 ϫU 1 ; and for strong interactions covered by quantum chromodynamics ͑QCD͒, GϭSU 3 . In general, for Yang-Mills theories we have GϭU n ϫU n or a subgroup HϽG.
For any compact Lie group we have the normalized Haar measure , and we can project any form A(F,V) onto an invariant form inv defined by
͑Analogous projections onto equivariant forms also exist.͒ On the other hand, if G is connected, then all maps L g are homotopic to the identity map L e ϭid F , which yields that ͓L g Ã ͔ϭid H * (F) . Thus, if we denote the cohomology of the invariant closed forms on F modulo the invariant exact forms by H inv * (F), we have the following proposition:
Proposition IV.2: If G is a compact connected Lie group acting on F, then H*(F)ХH inv * (F), and the isomorphims are induced by the above projection onto invariant forms, resp., the injection i:A(F) inv →A(F).
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A(F,V)
inv contains an important subset, whose elements we will call G-transgressive forms. ϱ Sym s (g,V) analogously to ͑1͒, which we also denote by ٚ . This in turn defines the exterior product ٙ ٚ . With respect to ٙ ٚ , the set A(F) Sym(g,V) is an exterior algebra with subalgebra A(F) equiv Sym(g,V).
Lemma IV.5: d and L ᭹ ٚ are skew-derivations of degree 1, resp. Ϫ1, of the algebras
A( P) Sym(g,V) and A( P) equiv Sym(g,V)
. For all ␣ n A n ( P) Sym(g,V) and
Lemma IV.5 is the main ingredient in the proof of the following proposition:
Proposition IV.6: A(F,V) GϪtrans is a R-subalgebra of A(F,V), whenever a bilinear map :VϫV→V and thus a wedge product ٙ is defined. If m and n are G-transgressive and
i A mϪ2i (F,Sym i (g,V)) equiv , resp. i A nϪ2 j (F,Sym j (g,V)) equiv , are the differential forms given by (10͒ for m , resp. n , then 
whence all k are G-equivariant. Next for 0рkр͓m/2͔ϩ͓n/2͔Ϫ1, we obtain from Lemma IV.5, using d 0 ϭd 0 ϭ0, 6383 Christian Gross: Cohomology and connections on fiber bundles and applications
But ͓m/2͔ϩ͓n/2͔ϭ͓(mϩn)/2͔, except if m and n are both odd, where ͓m/2͔ϩ͓n/2͔ϭ͓(mϩn)/2͔Ϫ1. 
is closed and ⌫-adapted. Its restriction to the fibers is n , i.e., for any ␣ A and all x U ␣ , we have i ␣,x Ã n A ϭ n . Proof: n A is obviously adapted to ⌫. Furthermore Theorem III.3 yields 
V. SKYRMION BUNDLE AND RELATED YANG-MILLS THEORIES
These results are quite important for the skyrmion bundle in theoretical nuclear physics which treats interactions of mesons and baryons -described within the ͑ungauged͒ Skyrme model 1,3 -6385 Christian Gross: Cohomology and connections on fiber bundles and applications with electromagnetic fields. [11] [12] [13] In order to show this, we need some basic results from current algebra. Denote the left and right invariant 1-forms on a Lie group
where h•X and X•h are elements of T h (H). In the literature, these forms are also called invariant ''currents'' and we find the notations h Ϫ1 dh and L for ⌰ L , resp., dhh Ϫ1 and R for ⌰ R . If ٙ denotes the exterior product of matrix-valued forms with respect to matrix multiplication, then for all k N, and are well-defined left, resp., right, invariant k-forms on H, and so are
for any matrix M C nϫn . Especially for M ϭ1, we obtain the bi-invariant
and one easily checks that 2k ϭ0. Now the Maurer-Cartan identities yield the following.
. In addition, recall that the cohomology of SU n and U n is generated as an algebra by 3 , 5 , . . . , 2nϪ1 for SU n , resp., by 1 , 3 , . . . , 2nϪ1 for U n , cf. Greub, Halperin, and Vanstone. 14 In the ungauged Skyrme model, the meson fields occur as maps U:M →SU n , where M denotes space-time and n denotes the number of flavors in QCD. The configuration Uϵ1 represents the vacuum. Baryons appear as topological soliton solutions, as ''skyrmions,'' of these fields. The number of baryons represented by a given mesonic field configuration is computed by an integration of U Ã 3 over the space manifold ͑which is compactified at infinity, where the fields are required to tend to the vacuum value 1). For nу3, the action integral splits into two parts, the nonamomalous action and the Wess-Zumino term. The latter is an integral over the differential form 5 . 2 
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In order to treat interactions with electromagnetic fields ͑especially those of magnetic monopoles, 11, 12 ͒ one constructs a fiber bundle B(M ,SU n ,G em ), cf. Section I. If e denotes the electric unit charge, then the left action of G em ϭ 1/e•S 1 on SU n is given by the inner automorphisms
L͑g,U ͒:ϭe
ϪiegQ Ue ϩiegQ
͑13͒
for g G em and U SU n . Q is the nϫn-matrix containing the quark charges in units of e: for nϭ2,3,
. Under a change of bundle charts we then have
and for the canonical vector field
For the invariant forms k Q , k Q and 2kϩ1 , we obtain the following lemma: 13 
Lemma V.2: For the action given in (13͒,
In order to define a baryon number and an anomalous action for the skyrmion bundle, we have to extend the forms 3 and 5 to the bundle. Several approaches ''by trial and error'' have been made to ''generalize'' 3 and 5 , cf. Callan and Witten, 11 Kaymakcalan et al., 15 or Pak and Rossi. 16 In terms of the language we are using, we would like to obtain differential forms 3 A and 5 A that are adapted to the Maxwell connection given by the electromagnetic fields. Thus we will examine whether 3 and 5 are G em -transgressive. This is indeed the case. According to Lemma IV.10 we have to find nϪ2i i A n (SU n ,C) and nϪ2iϪ1 i ϭı L E nϪ2i i that obey ͑11͒ for ϭ 3 , resp., ϭ 5 . From Lemma V.2 we conclude that for ϭ 2kϩ1 , we have 2k 0 ϭϪ(2kϩ1)i( 2k Q Ϫ 2k Q ). Now Lemma V.1 yields that 6387 Christian Gross: Cohomology and connections on fiber bundles and applications 
In fact, one can prove that all differential forms 2kϪ1 are G em -transgressive. 17 In comparison to the literature cited, our formalism has led to quite compact notations for 3 A and 5 A . This advantage becomes even more obvious when generalizations to other gauge groups, especially non-Abelian gauge groups, are considered, e.g., instead of GХS 1 and FϭSU n take a Yang-Mills theory where GϭU n L ϫU n R and FϭU n with
͑Note that this is the case for the skyrmion bundle.͒ Or we could choose HϭSU n L ϫSU n R , resp., a subgroup of H. In Section VII we will prove that in the latter case, 1 is necessarily H-transgressive because SU n L ϫSU n R is semisimple for nϾ2, cf. Theorem VII.4. 
Thus 3 is not G-transgressive. In fact, take any 1 1 A 1 (U n ,Hom(g,C)) equiv with Hom(g,C) ) with d 0 1 ϭ 1 1 . In fact, we may choose 0 1 equivariant, because SU n is compact, analogously to ͑9͒. But then for all X,Y g, A 5Ϫ2l (U n ,Sym l (g,C)) equiv are given by
Analogously to the skyrmion case, one may add a term
or exclude it by parity invariance. 15 Also in this case, the differential form 5 is not 
VII. G-TRANSGRESSIVE N-FORMS FOR Nр2
Now we are prepared to compute which closed invariant n-forms n , nр2, on the fiber are G-transgressive. 
